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ABSTRACT We report the results of Brownian dynamics simulations for solutions of rodlike polymers with 
an aspect ratio of 50 at moderate concentrations (5-50 rods/L3, where L is the molecular length). Account 
for direct two-body interactions was saicient for the description of the equilibrium properties over the range 
of concentrations we simulated. Correspondingly, the energy was adequately approximated by a density 
expansion through the second virial coefficient and the pair distribution function, which exhibited very weak 
concentration dependence, was well approximated by the Boltzmann factor. Despite the potentially nondiffusive 
character of rotation in concentrated sytems of axispetric particles, the rotational motion could be described 
by a rotational diffusion equation in our simulations, due to the strong decorrelating effect of the solvent-polymer 
interaction. The translational diffusivity normal to the rod axis, despite its sharp decrease with concentration, 
did not freeze up to  the highest concentration simulated, demonstrating in this way that the cage renewal 
mechanism postulated by the Doi-Edwards theow is inappropriate in this concentration regime. On the contrary, 
a model proposed by Fixman was found to be perfectly adequate since it reproduced very well our simulation 
results for the rotational diffusivity. These simulation results are the first to achieve quantitative agreement 
with experiment. The success of Fixman's model originates from the simple two-body nature of the polymer 
local structure and the strong solvent-induced decorrelation that weakens the intrinsically many-body character 
of the polymer-polymer interaction. 

1. Introduction 
The understanding of the dynamical behavior of con- 

centrated polymer solutions and melts remains one of the 
major challenges of modern polymer physics. This be- 
havior is complex due to the unique features of polymer 
molecules. Polymer molecules possess a large number of 
degrees of freedom associated with their intramolecular 
rotational and vibrational motions in addition to the global, 
translational degrees of freedom of their center of mass. 
Furthermore, the polymer chains are one dimensionally 
connected objects. The interplay between global and in- 
tramolecular motions, as well as the preservation of the 
chain connectivity, results in the entanglement effect,' 
which is believed to dominate the dynamical behavior of 
these systems. 

Rodlike polymers differ from flexible polymers in many 
respects. Nevertheless, they are the simplest polymers 
where entanglements occur. As a matter of fact, the effect 
of entanglements is more dramatic for rodlike polymers 
than for flexible polymers because the rigidity of the 
molecule limits severely the motions that would allow 
disentanglement. Apart from their importance as the 
simplest systems of entangled polymer molecules, nondi- 
lute solutions of rodlike polymers have considerable in- 
terest on their own. There are many examples of poly- 
peptides, polysaccharides, and polynucleotides that form 
helical structures which can be considered as rigid rods. 
Certain synthetic polyesters and polyamides form nematic 
liquid crystalline phases due to the molecular rigidity. 
These are molecules with important technological appli- 
catons because they are capable of forming strong fibers 
and films. 

The theoretical treatments of the entanglement effect 
for flexible and rodlike polymers have evolved along 
parallel paths. Doi and Edwards developed a theory of 
transport for nondilute solutions of rodlike  polymer^^-^ 
conceptually analogous to the reptation theory for flexible 

For both classes of polymers, the essence of 
the Doi-Edwards approach is to simplify the complex 
many-body problem by attempting to extract the dominant 
mode of motion. The Doi-Edwards theory for rodlike 
polymers (DET) is a semiempirical theory in that it pos- 
tulates the underlying dynamics and, based on this, it 
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predicts the molecular weight and concentration depen- 
dence of certain transport coefficients (primarily of the 
rotational diffusivity). The rodlike polymer is modeled 
as a completely rigid infinitely thin rod. Since the rods 
are infinitely thin, they can diffuse freely along their axes, 
whereas the motion normal to their axes and the rotational 
motion are severely restricted by the presence of neigh- 
boring rods. This restriction is conveniently visualized by 
imagining a sphere with its center a t  the center of a certain 
rod and with diameter equal to the rod length. By pro- 
jecting the neighboring rods onto the spherical surface, we 
see that the rod is effectively confined in a cage. According 
to the original DET, this cage is completely closed over 
extensive time intervals between cage breakups. The 
cages occasionally dissolve as a result of the translational 
motion of the rods that form them or become ineffective 
because of the translational diffusion of the confined rod 
itself. The time between such events, however, is estimated 
by DET to be much larger than the time needed for the 
rod to equilibrate inside the cage (i.e. to explore the cage 
area by thermal motion). The orientational relaxation 
according to DET is accomplished by means of angular 
jumps with magnitude defined by the cage size and fre- 
quency essentially determined by the translational diffu- 
sivity of the rod along its axis, which according to DET 
retains its dilute solution value. 

The comparison of DET predictions with experiment 
has met with limited Refinements of DET12-16 
have improved agreement with experimental observations, 
although considerable discrepancies still remain. The issue 
of whether caging is the dominant mechanism by which 
entanglements influence the dynamical behavior is not only 
an open one but also one that cannot be answered directly 
by the available experimental techniques (dynamic light 
scattering, birefringence). Recently a generalized kinetic 
equation was derived for a suspension of rodlike Brownian 
parti~1es.l~ This rigorous approach shows that rotational 
motion in nondilute solutions of rodlike polymers might 
not be a diffusive process. 

The questions raised above can be answered only by 
direct microscopic tests. Molecular simulations are ex- 
cellent tests of the microscopic dynamics of rodlike poly- 
mers in solutions since one can prescribe the ground rules 
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for the simulation so that there is good correspondence 
with the situation described by the theory. Molecular 
dynamics simulations of a reasonably large system con- 
taining both polymer and solvent molecules being in- 
feasible, one must either neglect the solvent entirely or 
simulate the polymer dynamics in an approximate, sto- 
chastic way. The primary challenge of any molecular 
simulation is to capture all the essential physics of the 
underlying molecular motion so that the resulting statis- 
tical regularities (macroscopic laws) are the same as those 
of the physical prototype. In this sense, results of mo- 
lecular dynamics simulations that neglect the solvent d- 
together18J9 must be interpreted with caution in the case 
of a solution. This is so, as explained in ref 19, since the 
polymer mobility is intrinsically different in the two cases. 
The conclusion in ref 19, from a study of solvent-free hard 
needles, is that the main prediction of DET, the inverse 
square concentration dependence of the rotational diffu- 
sivity, was confirmed only at  concentrations substantially 
higher than the original DET anticipated (higher than 70 
rods/L3, where L is the rod length). Doi et al." performed 
a dynamic Monte Carlo simulation, which could mimic the 
actual polymer dynamics more closely. However, the time 
step used in this simulation was too large. This has raised 
considerable objections,l6I2l since such a large time step 
artificially reduces the polymer mobility and favors the 
orientational relaxation mechanism suggested by DET 
(cage renewal) against all alternative mechanisms. This 
simulation confirmed DET predictions but only at  con- 
centrations higher than 80 rods/L3. 

It seems, therefore, that the concentration dependence 
of the rotational diffusivity predicted by DET was con- 
firmed by the above studiesls-" but only at concentrations 
higher than at  least 70 rods/L3. The results of these 
studies were in rough agreement with the theoretical 
predictions of improved versions of DET.12J3 This leaves 
unexplored a large concentration regime (from 1 to 50 
rods/ L3), where polymer-polymer interactions certainly 
cannot be neglected. The previous simulations certified 
the inadequacy of DET there, without providing detailed 
information, that could help in rationalizing the actual 
diffusion mechanism in this range of concentrations. 

Even a t  higher concentrations the success of DET has 
not been established. Both the theorfi6J2J3 and the sim- 
ulations1g20 modeled the rodlike polymer as an infinitely 
thin needle. This amounts to neglecting excluded volume 
effects on the dynamical properties. Such a simplification 
is acceptable when the volume fraction inaccessible to each 
rod because of the presence of the other rods is very small. 
For rodlike polymers with length L and diameter b in a 
solution of concentration c the excluded volume fraction 
is of the order of cL2b and excluded volume effects can be 
ignored safely only when this fraction is very small. 
Therefore, the dynamics of rodlike polymers with finite 
width are expected to be very similar with those of infi- 
nitely thin needles when 

Typical values of the axial ratio L/ b range from 30 to 100 
for real while the simulations of infinitely thin 
needles confirmed DET only for concentrations higher 
than 70-80 rods/L3, i.e. exactly where excluded volume 
effects, present in real systems but absent from the sim- 
ulated systems might be important. Although these sim- 
ulations proved the validity of DET for infinitely thin 
needles, the relevance of their results to real polymers with 
realistic axial ratios is questionable. 

Fixman21 performed Brownian dynamics simulations for 
rodlike polymers with finite width (L/b = 50) for con- 

cL2b << 1 c << 1/L2b (1.1) 
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centrations between 50 to 220 rods/L3. His results were 
in complete disagreement with DET. These results im- 
plied a decrease of the rotational diffusivity for infinitely 
thin rods as the inverse first power of concentration, in- 
stead of the inverse square dependence predicted by DET. 
However, the number of particles used in this simulation 
and the simulation cell itself were very small so that the 
results may be statistically questionable. Furthermore, the 
lower concentration regime (1-50 rods/L3) was not ex- 
plored and the only quantity studied was the first rota- 
tional correlation function. The slight flexibility of the 
rodlike polymers in Fixman's simulations was extremely 
small, and we do not expect it to affect his results in any 
way.23 Fixman21 proposed a model in order to rationalize 
his simulation results. This model was supposed to be 
applicable for both high and low concentrations, but little 
evidence in support of it at low concentrations was pres- 
ented. This model too will be tested by our simulation 
results. 

The main objectives of the simulation to be developed 
here are designed to improve on the situation described 
above. We think that these objectives should be a detailed 
study of the lower concentration regime, between 1 and 
(Lib) rods/L3, in an effort to rationalize the transport 
behavior there, which denied any satisfactory description 
up to date, and a thorough comparison of the simulation 
results for more concentrated solutions of rodlike polymers 
having finite width with the theoretical predictions (DET2B 
and refinements of DETl2J3), 

In this paper we shall undertake only the first task. The 
second will be the theme of a future publication, currently 
in preparation. 

2. The Molecular Model and Dynamics 
We model the rodlike polymers as line particles inter- 

acting with each other via pairwise additive, purely re- 
pulsive forces. Almost nothing is known experimentally 
about the realistic functional form of the polymer inter- 
molecular potential. We may expect, however, the ma- 
crosopic behavior to depend only on the gross features of 
the polymer-polymer interaction. We think that any 
sufficiently steep, purely repulsive, short-range potential 
will do, since it guarantees the uncrossability requirement 
and simulates the excluded volume interaction. Fur- 
thermore, for sufficiently thin rods, one expects the in- 
teraction energy to depend only on the minimum distance 
and the angle between the interacting molecules. A po- 
tential that meets the above requirements is the one em- 
ployed by Fixman21 in his simulations 

(2.1) 

where U is the energy of interaction, d is the minimum 
distance between the axes of the interacting rods, CY is the 
rod-rod angle, 6 is a parameter with the dimensions of 
energy, and u is a parameter with the dimensions of length. 
We shall use this potential both for its simplicity and for 
purposes of comparison. Obviously, such a potential does 
not absolutely exclude rod-rod crossings. For sufficiently 
large E values, however, crossings become extremely im- 
probable. Throughout this work the value of e, which 
determines the barrier for rod-rod crossing was set to 
(50/3) kT. This leads to a maximum probability for such 
crossings of the order of lo-' to lo4. The length parameter 
determines the range of the intermolecular forces. An 
effective rod diameter b can be defined in a way analogous 
to that used for the definition of an effective hard-sphere 
diameter for point particles interacting via spherically 
symmetric continuous  potential^.^^ We prefer, however, 
to identify the rod diameter with the distance where the 

U = t e~p[-(d/u)~]/s in  CY 
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integration. This is a typical problem of stochastic dif- 
ferential equations with multiplicative noise. The two 
commonly used schemes for stochastic integration were 
developed by Ito and S t r a t a n ~ v i c h . ~ ~  The Langevin 
equation along with Ito's rules for stochastic integration 
is equivalent to a certain Fokker-Planck equation, while 
the same Langevin equation along with Stratanovich's 
rules is equivalent to a different Fokker-Planck or diffu- 
sion equation. The above situation has been the source 
of considerable confusion. It has been beautifully pres- 
ented and clarified by Van Kampen= and recently in closer 
connection to polymer systems by Tough et al.43 In ref 
43 it was shown that hydrodynamic interaction is a source 
of multiplicative noise in the Langevin equation for 
polymer systems without rigid constraints. 

Ito's calculus for stochastic integration is simpler, while 
Stratanovich's is physically more appealing. The choice 
between them should of course not be based on mathe- 
matical convenience or physical intuition. Since the 
Fokker-Planck or diffusion equation provides a firm point 
of reference, one should complement the Langevin equa- 
tions with the calculus, which recovers the original (and 
independently justified) diffusion equation. 

The detailed derivation of the Langevin equations for 
a rigid dumbbell will be presented elsewhere4 as a special 
case of a more general derivation applicable to models with 
arbitrary rigid constraints. In ref 44 it is shown that 
Stratanovich's calculus must be used in order to recover 
the special form of Kirkwood's diffusion equation appro- 
priate for our m ~ d e l . ~ ' ! ~ ~  In the next section we simply 
present the first two moments of the increments of the 
rods coordinates, which is actually all that is needed for 
simulation purposes. These moments are calculated from 
an integration of the Langevin equations over a short time 
interval, s. Such an integration needs to be exact up to 
first order in s, since only up to that order is an equivalence 
between Langevin and diffusion equations supposed to be 
e s t a b l i ~ h e d . ~ ~ , ~ ~  

In a dilute solution of rodlike particles the diffusivity 
parallel to the rod axis is larger than that normal to it (ref 
1, Chapter 8). This anisotropy is a consequence of the 
hydrodynamic interactions among the various beads of the 
same molecule. In a concentrated solution one should 
consider the hydrodynamic interactions among beads of 
different molecules, as well. Unfortunately, this cannot 
be done in a consistent way during a simulation the reason 
being the long range character of hydrodynamic interac- 
tions. Having no way to account properly for the hydro- 
dynamic interactions, we felt that it might be more ap- 
propriate to neglect them altogether than to consider se- 
lectively only those among the beads of the same molecule. 
We consider the neglect of hydrodynamic interactions to 
be the major weakness of our simulation. We note, how- 
ever, that all earlier simulations20~21 had to live with the 
same unpleasant situation. Of course, one might argue that 
hydrodynamic interactions are screened in concentrated 

Although the screening can be rigorously 
shown to occur for a particle moving through fixed ob- 
stacles in a medium46 or hydrodynamically interacting 
mobile Brownian particles in transient flows, it has been 
recently shown that screening is absent among hydrody- 
namically interacting mobile Brownian particles in steady 
flows or at eq~ i l ib r ium. '~*~~  

3. The Simulation 
The simulation technique we employ is now widely 

known as Brownian dynamics. It consists of the numerical 
integration of the stochastic equations of motion for a 
collection of Brownian particles.35 If one neglects the 

potential barrier becomes three times larger than the ki- 
netic energy of each rod (2.5 kT) for rods that are normal 
to each other. Obviously, this is a somewhat arbitrary 
definition, but ita only purpose is to make the visualization 
easier and the terminology more familiar. A choice for b 
= L/50 yields a value of 0 = 0.038 55L. The potential we 
employ might be inappropriate at very high concentrations 
(200 rods f L3 or higher) where nematic phase transition is 
about to 0ccur.l A hard cylinder potential might be con- 
ceptually preferable, but we do not know of any physically 
realistic way to simulate the stochastic motion of bodies 
with discontinuous potentials. 

As far as the interaction with the solvent is concerned, 
we model the rodlike polymers as Brownian particles with 
two friction centers (beads) each having a diameter equal 
to the effective rod diameter. The theory of Brownian 
motion,25 apart from its success in describing a host of 
different phenomena, has been rigorously generalized%% 
and can actually be deduced from statistical mechanics for 
particles with much larger mass than the solvent mole- 
cu le~ .*~~  As is well-known, there are two alternative ways 
to describe Brownian motion:=a by means of the so-called 
Fokker-Planck equations,25i34 partial differential equations 
describing the time evolution of the one-body probability 
density, or by means of the so-called Langevin equa- 
tions,25i34 equations of motion for the time evolution of the 
Brownian particles' momenta, where the interaction with 
the solvent consists of a systematic frictional force and a 
stochastic Langevin force. Our approximation amounts 
to describing the microscopic dynamics of the rodlike 
polymen as Brownian motion in an external field, the field 
originating from the polymer-polymer interactions. If the 
velocity fluctuations of the polymer molecules, which are 
f luctuations caused by the  incessant bombardment by 
solvent molecules, decay over distances much smaller than 
the distances over which the intermolecular force changes 
appreciably, one can afford an even simpler description.26*34 
An integration over the momenta can be performed in this 
case and the Fokker-Planck equation reduces to the fa- 
miliar diffusion or Smoluchowski equationz5 for the time 
evolution of the spatial probability density. This ap- 
proximation is equivalent to the neglect of the acceleration 
terms in the Langevin equations. Such a condition is 
satisfied minimally in our case. This happens because the 
intermolecular forces change over distances comparable 
to the rod width, which although still larger, is not as much 
larger than the dimensions of the solvent molecules as the 
polymer length is. 

For simulation purposes the Langevin equations are 
much more useful than the diffusion equation, since they 
can be employed to actually generate the trajectories of 
the Brownian  particle^.^^^^^ Most theoretical work, how- 
ever, has been done in terms of Fokker-Planck or diffusion 
 equation^.'^^^^^^ The equivalence between the two de- 
scriptions has been established long ago for Langevin 
equations with linear noise  term^.^^.^ The method for the 
derivation of the equivalent Langevin equations from the 
Fokker-Planck or diffusion equations and vice versa has 
been systematized in the general literature of noise and 
stochastic processes39 and has been applied to polymer 
systems with or without rigid constraints or hydrodynamic 
i n t e r a c t i ~ n . ~ ~ ~ ~ ~  

Unfortunately, the situation is not nearly as simple for 
the nonlinear (both the deterministic and the stochastic 
terms are not linear) Langevin equation. The Langevin 
equation in this case is mathematically ill-defined. To 
assign some meaning to the Langevin equation one must 
complement it with an interpretive calculus for stochastic 
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energy might get very close to other rods under the action 
of the random forces, thus increasing the system's potential 
energy significantly. In fact, this approach would be closer 
as a result of the low order integration scheme than what 
it would have been had the Langevin equations been in- 
tegrated exactly. The reason is that in the numerical 
integration the rod does not experience the increasing 
repulsive forces from the other rods as it approaches them 
but rather is assigned a constant repulsive force corre- 
sponding to its initial configuration. Such an unphysically 
close approach can have two undesirable consequences. 
During the next time step the strongly interacting rods will 
be thrown far away from each other, since they will now 
experience the full strength of their repulsion, which would 
not have been so strong in the first place had the inte- 
gration been exact. Furthermore, rod-rod crossings be- 
come more likely since the potential barrier against them 
is not the potential energy in contact but rather the po- 
tential energy at the beginning of the time step. Clearly, 
for a stiff potential an extremely small time step is needed 
in order to alleviate these problems. The method sug- 
gested in ref 50 is essentially a smart application of the 
standard Monte Carlo rejection scheme55 in dynamical 
situation where movements leading to an unphysical in- 
crease of the potential energy are rejected a posteriori. 
There exists a conceptual difficulty associated with this 
method. Since the time advances even when a particle 
move is rejected, all diffusion processes wil l  be slowed down 
by a factor which is comparable to the rejection ratio but 
whose exact value is not known. For a reasonably short 
time step, however, the rejection ratio is very low (at most 
0.05 in our simulations). It is sensible, therefore, to slow 
down all motions by a factor exactly equal to the rejection 
ratio. Alternatively, one might consider this as an addi- 
tional source of statistical uncertainty in our results for 
the diffusivities. 

Finally, some simple geometrical tests and lists of 
nearest neighborsM are employed in order to reduce the 
number of rod-rod interactions that must be considered. 
The lists of nearest neighbors for rodlike particles are 
constructed by drawing a spherocylinder around each rod 
and listing the rods that pierce it.19 

We performed simulations for six different concentra- 
tions, namely, 5, 10, 20, 30, 40, and 50 rods/L3, where L 
is the rod length. The values of the various parameters 
used in these simulations are shown in Table 11. As seen 
from this table long simulations were performed (typically, 
molecular dynamics and Brownian dynamics simulations 
have roughly lo4 time steps). Such long simulations were 
necessary since a proper diffusive behavior originating from 
the disentanglement process is expected to take place over 
time intervals smaller but comparable to the time needed 
for the center of mass to diffuse one rod length (of the 
order of PL2/kT),  while the time step must be much 
smaller than Pb2/kT, where b is the rod width and P is the 
bead friction coefficient. These long simulations became 
feasible only by taking full advantage of the computational 
speed and the vector processing capabilities of the Univ- 
ersity of Minnesota CRAY-2 supercomputer. As a result 
of vectorization the computational speed was enhanced by 
a factor of 2-6 with better performance at the higher 
concentrations. An additional increase of the computa- 
tional speed by a factor of roughly 2 came from the con- 
struction of lists of nearest neighbors and the employment 
of the preliminary geometrical tests, both of which reduced 
the number of pair interactions that had to be considered. 

The initial purely random configurations were first re- 
laxed by the standard Metropolis Monte Carlo method55 

Table I 
Units 

~~ ~ ~ 

physical quantity unit 
length L 
enerm kT 
time- @L2/kT 
translational diffusivitv kTIB 
rotational diffusivity kT)@L2 
concentration rods/L3 
angle rads 

inertial terms in the equations of motion, these become 
first-order differential equations in time. In this form the 
method has been used quite extensively for the study of 
complicated models for polymers in dilute solutions4g51 
or of interacting polymer mo1ecules?lfi2 Various algorithms 
have been proposed for the integration of the stochastic 
eq~ations,3'~~~~" and each one has its own advantages. In 
our algorithm the incremental displacements during a time 
step are random variables, calculated from the first-order 
integration of the stochastic equations of motion. These 
equations have almost the same form for a multibead rigid 
rod and for a rigid dumbbell except for numerical factors. 
The first two momenta of the incremental displacements 
are 

(&(s)) = Q ( t ) s / P  i = 1-3 

(66(s)) = [Q9(t) + 2kT cot 0 / L 2 ] s / P  

(6ds) ) = Q%)s/P (3.1) 

( [6xi(s)12) = kTs/P 

( [ S ~ ( S ) ] ~ )  = 4kTs/PL2 

( [6cp(s)12) = 4kTs/PL2 sin2 I9 (3.2) 

where Q (i = 1-3) are the components of the intermole- 
cular force exerted upon the rod under consideration by 
all other rods, Q9 and Q+' are the intermolecular torques, 
x i  (i = 1-3) are the coordinates of the rod's center of mass, 
I9 and cp are the orientation angles of the rod, t and t + s 
are the beginning and the end of the time step, k is 
Boltzmann's constant, T i s  the temperature, and is the 
friction coefficent of a bead. During a time step the rods 
experience deterministic displacements and rotations given 
by eq 3.1, as well as random displacements and rotations. 
The magnitude of the latter is determined by generating 
random numbers with zero means and variances given by 
eq 3.2. 

From a computational point of view, the combination 
of stiff potentials with a low order integration scheme poses 
serious difficulties. An extremely small time step must be 
used if spurious results, artifacts of the integration scheme, 
are to be avoided. Although physically the equivalence 
between the Langevin and diffusion equations holds only 
up to first order in time, computationally it might be ad- 
vantageous to employ a higher order numerical integration 
scheme. Explicit higher order algorithms do not improve 
the situation considerably for very stiff potentials and, 
furthermore, are not quite as simple for stochastic equa- 
tions as they are for regular deterministic equations.% The 
use of implicit methods is probably superior.54 

Instead of any of the above we chose to follow a more 
physically motivated scheme similar to that used by 
Ceperley et al. in their simulationsaS0 To appreciate the 
problem posed by a straightforward first-order numerical 
integration of the Langevin equations let us consider a 
simplified example. During one integration step a rod 
starting from a configuration of relatively low potential 
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Table I1 
Simulation Parameters 

concentration 5 10 20 30 40 50 
no. of rods 91 93 187 281 371 463 
side of simultn cell 2.63’ 2.10’ 2.10 2.10 2.10 2.10 
spherocylinder radius 0.25 0.25 0.25 0.25* 0.25 0.25 

no. of time steps 120 000 120 000 120 000 90 000 78 000 60 000 
(CPU sec)/(time step) 0.019 0.021 0.051 0.092 0.137 0.197 

time step 5 x 10” 5 x 10“ 5 x IO+ 5 x 10“ 5 x 10” 5 x 10” 

‘Periodic boundary conditions were employed. *A simulation with spherocylinder radius of 0.5 L was also performed. The results of the 
two simulations agreed very well with each other. C A  simulation with time step 1.33 X 10” and duration 240000 time steps was also 
performed. The results of the two simulations agreed very well with each other. 

Table I11 
Average Potential Enerav Der Rod 

concn simulatn eq 4.9 rejectn ratio 
5 0.006 * 0.001’ 0.006 0.05 

10 0.011 * 0.002 0.012 0.010 
20 0.024 f 0.002 0.024 0.020 
30 0.039 f 0.002 0.036 0.032 
40 0.049 f 0.002 0.048 0.041 
50 0.063 f 0.002 0.060 0.051 

’ The uncertainties were determined by dividing the trajectories 
in equal parts of 10 000 time steps each and calculating the stand- 
ard deviation of the average energies corresponding to these por- 
tions. 

(100-1000 Monte Carlo moves for each particle). The 
potential energy of the initial purely random configuration 
was roughly 2 orders of magnitude higher than the equi- 
librium energy. Most of the relaxation (up to an energy 
2-5 times higher than the equilibrium one) was achieved 
by the preliminary Monte Carlo simulation. Such a re- 
laxation is much more efficiently performed with Monte 
Carlo because rod-rod crossings are allowed; therefore 
arbitrarily large Monte Carlo movements may be em- 
ployed. The approach to equilibrium was very slow at the 
final stages, however. There, Brownian dynamics proved 
to be more efficient for equilibration purposes than Monte 
Carlo5769 (the energy relaxed to its equilibrium value after 
less than 100 time steps). 

4. Results 
The potential energy of interaction per rod as well as 

the rejection ratio are shown in Table I11 for the various 
concentrations simulated. The rejection ratio is indeed 
very small, as mentioned in the previous section, which 
permits us to deal heuristically with the problem it poses 
concerning the actual rate of time advancement. The 
interaction energy is also very small, especially compared 
to the mean rod kinetic energy, which should be 2.5 kT 
according to the equipartition theorem.60 This is still one 
more indication that the topological constraint of un- 
crossability among the rods and not the precise form of 
the rod-rod intermolecular potential should dominate the 
rod dynamics in the concentration regime we examined. 

i. Rotational Motion. There are several measures of 
the statistics of rotational motion.Ig The two most com- 
mon are the mean square angle of rotation (Oz(t)) and the 
rotational diffusivity D,. 

The mean square angle is defined as follows 
( e 2 ( t ) )  = ((~0s-1 [ u ( o ) . u ( ~ ) ~ )  e(t) = u(o).u(~) (4.1) 

where u(0) and u(t) are the orientation vectors of the rods 
at times 0 and t and the angular brackets denote an en- 
semble average. For simulation purposes the ensemble 
average is realized by averaging over the rodlike particles 
and over the initial times. 

The rotational diffusivity is defined through the Debye 
pquation,61,62 which is the Smoluchowski (diffusion) 

equation for the rod’s orientation. If the Debye equation 
holds, the probability that a rod with initial orientation 
u(0) will have an orientation u(t)  at t is given from the 
solution of this equations2 

(4.2) 
where P&) is the Legendre polynomial of Ith order. The 
angle 0 given by eq 4.1 should not be confused with 3, the 
polar orientation angle relative to a fixed coordinate sys- 
tem. From eq 4.2 it follows that 

(4.3) 
The rotational diffusivity can be calculated from the decay 
of the time correlation functions in eq 4.3. Customarily, 
one uses only the first two relations that follow from eq 
4.3. In that case 

(P,[cos O(t)] )  = exp[-l(l + l)D1t] 

DI1 = -(y2) In (Pl[cos O(t)]) Pl (x )  = x 

(4.4) 

As mentioned above, Drl and D12 should be identical if a 
description in terms of the Debye equation is permissible. 
However, the applicability of the Debye equation for a 
solution of interacting rodlike polymers should be tested 
rather than accepted. Debye derived his equations1 in a 
way that resembles closely Einstein’s original derivation 
of the diffusion equation for spherically symmetric par- 
ticles (ref 42, pp 3-6). Both derivations essentially describe 
the approach to equilibrium of an initially nonequilibrium 
density distribution of noninteracting Brownian particles. 
It is important to realize that the well-known assumption 
of completely uncorrelated consecutive displacements does 
not suffice for a diffusive description (i.e. in terms of a 
diffusion equation) of this motion. Such an assumption 
alone would lead to an integral equation (the Chapman- 
Kolmogorov equation) or an integrodifferential equation 
(the Master equation)33 for the time evolution of the 
density distribution. A diffusive description results only 
at  the cost of two additional assumptions, namely, that 
only very small displacements have any significant prob- 
ability to occur during a random “jump” and that the 
nonequilibrium density distribution has a slow spatial 
variation. To state it more accurately, the spatial variation 
of the density distribution must occu over distances much 
larger than the magnitude of any “jump” that has a sig- 
nificant chance to take place. 

All the above are very safe assumptions for a solution 
of large noninteracting spherically symmetric or axisym- 
metric Brownian particles. The microscopic process un- 
derlying a “jump” is a sequence of solvent-Brownian 
particle impacts sufficiently long so that the incremental 
displacements and rotations of the Brownian particle 
corresponding to two consecutive such sequences are 



Macromolecules, Vol. 21, No. 9, 1988 

completely uncorrelated. It is precisely because the an- 
gular and spatial displacements resulting from such se- 
quences of solvent-Brownian particle impacts are still very 
small compared to the spatial and angular distances over 
which the density distribution changes, that the dynamics 
of Brownian particles in a dilute solution are diffusive. 

For a solution of interacting Brownian particles, how- 
ever, the situation is different. Superimposed on the 
diffusive process we just described are the Brownian 
particle-Brownian particle interactions. On a fine time 
scale between Brownian particle-Brownian particle col- 
lisions our picture is correct but on a longer time scale the 
Brownian particle-Brownian particle collisions constitute 
an additional mechanism that randomizes the configura- 
tion of the Brownian particles. One may be tempted to 
coarse grain even further, redefine the concept of a “jump”, 
and say that a “jump” consists now of a sufficiently large 
number of Brownian particle-Brownian particle collisions 
so that the Brownian particle displacements and rotations 
corresponding to two subsequent “jumps” be completely 
uncorrelated. It is plausible that this would lead to a new 
diffusive process superimposed on the finer one for the case 
of spherically symmetric Brownian particles. The reason 
is that the “jump”, although much larger than previously, 
has still a size comparable to the dimensions of the 
Brownian particle (say 10-100 times larger) while the 
density distribution is expected to vary macroscopically. 
For axisymmetric particles, however, as far as rotation is 
concerned, things are quite different. In the coarse of 
several Brownian particleBrownian particle collisions each 
one of them might have rotated a large angle (comparable 
to T ) ,  and this angle cannot be considered as small on any 
scale. After all, if the distribution is to have any angular 
dependence this must occur in the interval from 0 to 2a. 

Therefore, we see that the validity of the Debye equation 
is not guaranteed in our case. In fact, it is well-known that 
the Debye equation does not apply in different systems 
(dilute solutions of small molecules, gases of misymmetric 
molecules, etc.), where the premises upon which this 
equation relies do not hold.63 The molecular dynamics 
simulations for a gas of infinitely thin need le~’~J~  showed 
unambiguously that the Debye equation is not appropriate 
a t  low concentrations for this system (lower than 30 
rods/L3). The possibility that rotation might not be dif- 
fusive for suspensions of interacting misymmetric particles 
was demonstrated through a theoretical analysis by Al- 
tenberger and Dahler.,’ Chances for a diffusive character 
of rotation are worse if hydrodynamic interaction is con- 
sidered since, being a longer range interaction, it acts es- 
sentially as a “memory storage” making the decorrelation 
more difficult and the angular intervals over which it oc- 
curs (“jumps”) larger. 

In summary, we may say that if the angle of rotation 
associated with a sufficiently long sequence of rod-rod 
collisions (“jump”) is not very small, rotation will be in- 
trinsically nondiffusive. The nondiffusive character, 
however, is weakened by the decorrelating effect of the 
random forces exerted by the solvent. As we shall discuss 
later this fact has very important consequences on the 
polymer dynamics. The solvent-induced decorrelation is 
certainly exaggerated in our simulation because of the 
neglect of hydrodynamic interactions. Whether the out- 
come of the two competing effects is a rotation noticeably 
nondiffusive is an open question, which will be answered 
in what follows. 

In Figure 1 the quantities -(,I2) In (P,[cos O(t)]) and 
In (P2[cos e ( t ) ] )  have been plotted as functions of 

time for the concentrations of 10 and 50 rods/L3. If the 
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Figure 1. The time evolution of the logarithm of the first two 
rotational correlation functions at the concentrations of 10 and 
50 rods/L3. 
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Figure 2. Rotational diffusivities, as calculated from the decay 
times of the first two rotational correlation functions, vs con- 
centration. 

Debye equation is applicable in our case, both quantities 
are expected to grow linearly with time and the slopes of 
the two straight lines D,, and Dn must coincide (see eq 3.4). 
As we see from Figure 1 the growth is indeed linear, as 
much as one can tell for simulation results, a t  least over 
time intervals greater than 0.03 /3L2/kT. The correlation 
coefficients of the linear fits, excluding the first two points 
at the concentration of 10 rods/L3 and the first three 
points a t  the concentration of 50 rods/L3, were 0,999 78 
and 0.998 98 for the first and second rotational correlation 
functions respectively for 10 rods/L3 and 0.99982 and 
0.99990 for 50 rods/L3. Furthermore, the slopes of the two 
rotational correlation functions are statistically indistin- 
guishable for both concentrations. 

In Figure 2 two “rotational diffusivities” calculated from 
eq 3.4 have been plotted vs concentration. In our units, 
the dilute solution rotational diffusivity is 

Do, = 2.0 (4.5) 

As we see, D,, and Dr2 agree with each other within the 
limits of statistical uncertainty for all concentrations sim- 
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Figure 3. a. The first rotational correlation function at short 
times (concentration 50 rods/13). b. The mean square angle 
rotated at short times (concentration 50 rods/13). 

ulated. We may conclude, therefore, that rotation is a 
diffusive process and that the Debye equation is valid over 
the range of concentrations we examined. This conclusion 
contradicts directly with the results of the molecular dy- 
namics simulations we mentioned earlier.18J9 It is clear 
that the success of the Debye equation even at low con- 
centrations is due to the strong decorrelating effect of the 
random force exerted by the solvent and not to the small 
angle of rotation associated with a "jump". Hence, things 
might be different if hydrodynamic interaction is included. 

As discussed in the Introduction the main postulate of 
the original Doi-Edwards theory (DET)2p3 is that the rods 
are confined in cages formed by their neighbors for ex- 
tensive time intervals between cage breakups. Such a 
behavior would result to a plateau in the -In (Pl[cos (W)] ) 
and ( e 2 @ ) )  vs time curves. The plateau should appear 
when the angle rotated is roughly equal to the average cage 
size and must persist for a time comparable to the average 
lifetime of the cage. The theoretical estimates for these 
quantities can be obtained from the improved version of 
the DET developed by Keep and Pecora.12 At  the con- 
centration of 50 rods/L3 they esimate the angular cage size 
to be -0.3 rad while the average lifetime of the cage must 
be from 0.01 to 0.2 @L2/kT with most probable value 
around 0.02 @L2/kT. For this rotation angle the quantity 

In (Pl[cos B(t)]) has a value of roughly 0.03. As seen 
in Figure 1 no plateau appears around this value or around 
any other value. In Figures 3a,b the short time behavior 
of -(1/2) In (Pl[cos O(t)])  and of the mean square angle 
( 02(t))  is shown for the same concentration of 50 rods/L3. 
No evidence of plateau can be seen in any of these figures 
either. We may conclude, therefore, that complete caging 
does not occur up to a concentration of 50 rods/L3. We 
should mention at this point that the theoretical prediction 
in ref 12 is that caging concepts should start being valid 
above a certain concentration somewhere between 20 and 
50 rods/L3. Our conclusion does not contradict other 
simulation results,18-20 which agreed with the predictions 
of caging theories but only at  concentrations higher than 
ours. 
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Figure 4. Logarithmic plot of the rotational diffusivity vs con- 
centration. The rotational diffusivity is calculated from the decay 
time of the first rotational correlation function. 

Apart from the proof or disproof of caging ideas, Figure 
3a reveals some important aspects of the actual dynamics. 
For a short but observable time interval, the rod rotates 
as freely as it would in a dilute solution. There appears 
to exist, therefore, an initial amount of essentially unhin- 
dered rotation, as it is intuitively expected and in agree- 
ment with the picture of caging theories. Larger rotations 
become progressively more difficult but not extremely 
more difficult. As manifested by the decrease of the slope 
in Figure 3a, a relatively larger number of constraints must 
be overcome for the realization of larger rotations. This 
is about all, however, because the rod seems to be quite 
capable of doing so by slightly modifying its initial tra- 
jectory. In addition, the constraining rods themselves 
somehow clear the way, responding to the repulsive action 
of the rod under consideration. More important is the 
observation that the rod and its neighbors seem to have 
the time to explore most of their permissible mutual 
configurations and discover those that would facilitate the 
orientational relaxation. In the DET parlance, cages might 
form quite often as expected by a static analysis.12 Their 
constraining capability, however, is not so severe as an- 
ticipated because of the ease with which they dissolve, i.e. 
their short lifetime. Furthermore, following the same line 
of thought, partially open cages are considerably less ef- 
fective in constraining the motion, too. 

Figure 4 is a logarithmic plot of the rotational diffusivity 
determined from the slope of the fiit rotational correlation 
function vs the concentration. Obviously itdoes not follow 
any power law and is not expected to do so even in the 
context of the improved versions of DET.12J3 The con- 
tinuous line is just a parabolic fit to which we attribute 
no greater significance than to demonstrate the failure of 
any power law and the increasingly stronger concentration 
dependence. 

The only other simulation results for the same quantity 
and over the same concentration regime are presented in 
ref 20. Our values for the rotational diffusivity are sys- 
tematically and significantly higher than the corresponding 
values in ref 20. In addition, the rotational diffusivities 
determined from our simulation agree quantitatively with 
experimental values of the same quantitylO for rodlike 
polymers with length over width ratio similar to ours. All 
these can be seen in Figure 5 where the values of the 
rotational diffusivities from our simulation are compared 
with experimentally determined values and the simulation 
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Figure 5. Comparison of the rotational diffusivities determined 
from our simulation with results from dynamic electric birefrin- 
gence experiments on PBLG in m-cresol (ref 10 and 13) and the 
simulation results of ref 20. 

results of ref 20. The experiments in ref 10 measured the 
dc component of the electric birefringence of poly(y- 
benzyl-I,-glutamate) (PBLG) in m-cresol under an ac 
electric field over a wide range of frequencies. The width 
of the rodlike molecules used in these experiments was 
30-70 times smaller than their length. The persistence 
length of PBLG in m-cresol is approximately 100 nm.b1*65 
Since the four different samples used in these experiments 
were monodisperse and the polymers in them had length 
44, 51, 66, and 100 nm, the rodlike polymers were quite 
but not completely rigid. In ref 13 it is argued that no high 
frequency relaxation that can be attributed to the flexi- 
bility of the molecules was detected. The agreement be- 
tween our simulation results and the experimental values 
as well as the absence of any leveling off of the data at high 
concentrations argue that no pronounced flexibility effects 
were present in these samples. 

It seems that our comments about the effect of the large 
time step used in ref 20 (see Introduction) are confirmed 
by these comparisons. Indeed the time step used in ref 
20 was 200 times larger than ours, which means that the 
average rotation angle during each time step was 14 times 
larger in the simulation of ref 20 than in our simulation. 
In agreement with the description of the rotational motion 
we presented earlier, such a large time step would both 
diminish the chances of a rod to escape from a partially 
open cage and decrease the ability of the system to discover 
collective configurations that would facilitate the orien- 
tational relaxation. 

ii. Translational Motion. In a dilute solution the 
diffusivities in the directions parallel and normal to the 
rod axis are different as a result of the hydrodynamic 
interaction among the parts of the same rod. For the 
reasons explained in section 1, such an inherent anisotropy 
is not built in our model and the diffusivities in infinite 
dilution are the same both normal and parallel to the rod 
axis. 

Do = 0.5 in all directions (4.6) 
Therefore, any difference between the normal and parallel 
diffusivities in a concentrated solution will result exclu- 
sively from the fact that lateral motions are more hindered 
by the presence of other rods than motions parallel to the 
rod axis. To put it another way, any such difference, if 
observed, will demonstrate the selective effect of the in- 
termolecular interactions on the various modes of motion. 
The strong, short-range, cylindrically symmetric inter- 
molecular potential, which realizes the uncrossability 
feature of a slender rod, will produce interactions which 
suppress stronger the lateral modes and enhance the im- 
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Figure 6. Mean square displacements normal and parallel to 
the rod axis for the concentration of 50 rods/L3. 
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Figure 7. Center of mass diffusivity and diffusivities normal and 
parallel to the rod axis vs concentration. 

portance of the parallel mode in the total mobility. 
Such a diminution of the normal diffusivity is indeed 

observed, as one would expect intuitively, and the effect 
becomes stronger a t  higher concentrations, again in 
agreement with intuition. The mean square displacements 
normal and parallel to the rod axis, as well as the mean 
square displacement of the center of mass are plotted as 
a function of time in Figure 6 for the concentration of 50 
rods f L3. Indeed, the diffusivity parallel to the rod axis 
is much larger. The rod can avoid the obstacles (neigh- 
boring rods) more effectively moving along its axis rather 
than normal to it, and the rod's neighbors can clear the 
way more easily by diffusing along their axes rather than 
normal to them. 

This simple, intuitively obvious fact has been the pri- 
mary motivation of DET (and of the reptation theory for 
flexible polymers). DET, however, adopts an extreme 
viewpoint, namely, that the diffusion parallel to the rod 
axis is completely unhindered and the diffusion normal 
to the rod axis is so strongly restricted that the diffusivity 
in this direction is practically zero (Le. the normal mode 
freezes). As we see from Figure 7 the parallel diffusivity 
is indeed approximately equal to its dilute solution value 
although it  exhibits a slight tendency to decrease (at the 
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Figure 8. Mean square displacements normal and parallel to 
the initial rod orientation for the concentration of 30 rods/L3. 

two highest concentrations is 1520% lower than the dilute 
solution value). The diffusivity normal to the rod axis 
decreases sharply with concentration, but it does not freeze 
up to the highest concentration simulated. The finite 
values of the normal diffusivity are a clear proof of the fact 
that cage renewal is not the only, and possibly not even 
the dominant, rotational relaxation mechanism in the 
concentration range we examined. 

There are additional features of the translational dif- 
fusion mechanism, which are illuminating of the polymer 
dynamics. In Figure 8 the mean square displacements 
parallel and normal to the initial rod orienation have been 
plotted as a function of time for the concentration of 30 
rods/L3. At long times these mean square displacements 
grow linearly with time because the rod has forgotten its 
initial orientation. Therefore, the initial orientations have 
no special importance any longer, and the diffusivity along 
these directions is identical with the center of mass dif- 
fusivity. The shape of the mean square displacement 
curves parallel and normal to the initial rod orientation 
has some significance, too. Parallel to the rod axis the 
mean square displacement is convex before becoming 
linear, which simply reveals the fact that the convenience 
of the parallel movements is gradually lost, since the 
movement gets less and less parallel t the current rod 
orientation. Normal to the rod axis the mean square 
displacement is initially convex too, due to the relative 
freedom by which small scale normal displacements can 
take place. However, the rod cannot go too far moving 
normally to its orientation without experiencing a hin- 
drance from its neighbors. Over longer times it rotates and 
the restriction becomes less effective along the normal 
direction to its initial orientation, which produces the 
concave shape. All these, although expected intuitively, 
have an important effect on the center of mass mobility. 
The two opposing effects cancel each other to a large extent 
resulting in an almost diffusive motion for the center of 
mass at very short times (-0.1 ,8L2/kT). Normally, the 
center of mass motion is expected to be diffusive over times 
larger than ,8L2/kT. 

iii. The Pair Distribution Function. Since all the- 
ories and most of the simulations relevant to our problem 
employed an infinitely thin needle as a model for the 
rodlike polymer, static correlations among the configura- 
tions of neighboring polymer molecules were nonexistent 
and the pair distribution function was trivial. 
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Figure 9. The rod-rod pair distribution function vs the center 
of mass distance of the pair at various concentrations. The 
continuous line is the approximate pair distribution function from 
eq 4.9. 

Static properties are independent of the simulation 
dynamics (as long as the latter are ergodic). Therefore, 
our results for the pair distribution function would have 
been the same had hydrodynamic interaction been ac- 
counted for. Despite this advantage, the exact form of the 
pair distribution function will depend on the intermole- 
cular potential used. Experience with simple fluids, how- 
ever, suggests that the qualitative trends are the same and 
independent of the details of the intermolecular interac- 
tion. For example the pair distribution functions for hard 
spheres and Lennard-Jones fluids are quite similar.60 

The rod-rod pair distribution function is plotted in 
Figure 9 as a function of the center of mass distance for 
all concentrations simulated. As we see, all curves grow 
monotonically a behavior reminiscent of that of weakly 
nonideal gases. The concentration dependence appears 
to be very weak and as a matter of fact, all curves prac- 
tically overlap. It should be emphasized that the form of 
the pair distribution reflects as much the thin cylindrical 
shape as it reflects the weak and short-range ordering 
induced by the finite rod width. In this sense, the per- 
sistence of some negative correlation even over distances 
of 0 . Z  (ten times larger than the rod width) is due to the 
fact that there is still a slight chance for a pair with such 
a center of mass distance to have a minimum distance 
comparable to the rod diameter, adopting in this way an 
energetically unfavorable configuration. There seems to 
be a space free of neighbors over a distance of 0.02L around 
each rod. This is reassuring since it shows that our con- 
jecture about the rod diameter made in section 2 was a 
successful one. 

The shape of the pair distribution function with i b  
monotonic increase with distance and the absence of any 
oscillations is very similar to that of pair distribution 
functions for weakly nonideal gases. It is tempting to try 
an expansion of the pair distribution function in powers 
of concentration 

(4.7) 
where g is the rod-rod pair distribution function, c is the 
number concentration of polymers, and the term of order 
n in the expansion represents the contribution of n + 2 
body interactions. The absence of significant concentra- 
tion dependence (see Figure 9) suggests that the f i t  term, 
which accounts for direct two-body interactions, make the 

g = go + cg, + c2g2 + ... 
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concentration regime but rather to rationalize the dynam- 
ical behavior there. 

Fixman21 proposed a fundamentally different model in 
order to explain his simulation results. Although his model 
was expected to be appropriate for both high and low 
concentrations, the comparison of the model predictions 
with simulation results was done only for relatively high 
concentrations (higher than 50 rods/L3). The basic 
premise of Fixman's model is that there exist two mech- 
anisms for orientational relaxation. One is that proposed 
by DET, namely, translational diffusion of the rods along 
their axes. On a shorter time s d e ,  however, the probe rod 
and its neighbors can perform slight rotations and trans- 
lations normal to their axes that allow a certain initial 
relaxation. The tendency for such motions will be dom- 
inant at very short times as a result of the high free energy 
stored in the neighborhood of the probe owing to its close 
approach to its neighbors. Responding to the repulsion 
from its neighbors the probe will move fast toward the 
middle of the cage. Furthermore, the neighbors themselves 
will rotate, deforming the cage in a way that provides 
additional space for the rotation of the probe. These ev- 
ents will decrease significantly the extra free energy stored 
in the probe-neighbor system, and after a while the 
tendency of the probe to move further away from its 
neighbors and the tendency of the neighbors to deform the 
cage will be much weaker. Eventually, translational dif- 
fusion of the rods along their axes will become a faster 
(more efficient) channel for the release of the last remnants 
of extra free energy, and the cage renewal process will 
become the dominant mechanism for orientational relax- 
ation. The relevance of caging ideas is recovered once 
more, but the cages we are talking about now are funda- 
mentally different. It is not the hindrance posed by an 
equilibrium configuration of neighbors that matters but 
rather the hindrance posed by neighbors that have already 
done most of what is possible to provide free space for the 
rotation of the probe. 

Arguments like that are certainly reasonable, but they 
appear to be of little value since any attempt to quantify 
them will require a detailed knowledge of both the 
structure and the dynamics of the probeneighbor system. 
The situation is not nearly as hopeless as it might seem, 
however. As we pointed out in the previous subsection, 
knowledge of the second virial coefficient (i.e. account for 
direct two-body interactions) will suffice for the deter- 
mination of the equilibrium properties and the local 
structure (pair distribution function) over the range of 
concentrations we simulated (see Figures 9 and 10 and 
Table IV). As a matter of fact, this has been a fairly 
common assumption for isotropic nondilute solutions of 
rodlike polymers1 whose validity for very thin rods was first 
argued by Onsager.@ Therefore, the local structure around 
a probe rod at a partially equilibrated state, where the 
probe-neighbor system has only partially released its extra 
free energy, can be determined in that context.21 

The determination of the dynamics of the short time 
relaxation poses more serious problems. Fixman21 adopts 
a simple viewpoint, i.e. "interactions between vicinal rods 
are presumed to have no effect either to help or to hinder 
the equilibration of vicinal rods with respect to the new 
position of the probe, in the limit of vanishing rod width" 
(i.e. an "Enskog-like" approximation). Furthermore, short 
time rotations are assumed to be completely unhindered, 
i.e. until translational diffusion takes over as a faster 
channel for orientational relaxation, the rotational diffu- 
sivity retains essentially its dilute solution value. The first 
assumption, which is the most crucial, was tested directly 
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in ref 19 and was found not be valid for a gas of needles 
without solvent. Chances are better in our case because 
of the strong, solvent-induced decorrelation which is re- 
sponsible for a significant memory loss in between rod-rod 
collisions. Therefore, a neutral role of the interactions 
between neighbors in either enhancing or hindering the 
short time relaxation process seems more reasonable. The 
validity of this assumption for the concentration of 48.5 
rods/L3 has been tested directly by Fixman21 The second 
assumption is less defensible. In fact, if Fixman's model 
is taken literally, our simulation results prove that the 
assumption of completely unhindered short time rotations 
is not valid. The duration of the short time relaxation is 
calculated explicitly in Fixman's model. Our simulation 
results show that the "rotational diffusivity" during that 
time interval has values intermediate between the dilute 
solution value and the actual long time rotational diffu- 
sivity. These values are much closer to the long time 
rotational diffusivity than to the rotational diffusivity at 
infinite dilution, which implies that the short time rota- 
tions are themselves hindered to a certain extent. Nev- 
ertheless, we feel that this is not a crucial assumption. The 
model would retain the same form and would furnish the 
same results even if allowance was made for a lower 
(concentration dependent) short time rotational mobility 
(but of course still higher than the long time rotational 
mobility). 

The final equation of Fixman's model for the rotational 
diffusivity is 

6, kT/D, = &"[1 + cL3(24aR)-lQf In [(l - f ) / f l ]  
(4.11) 

where Q = 1 + (a/2)cL3(b/L)(1 - 2f)2, R = p,"D O/L2kT, 
0, is the rotational friction constant, 0," = pLq2 is the 
rotational friction constant of a rigid dumbbell without 
hydrodynamic interaction at infiiite dilution, D O = kT/2/3 
is the translational diffusivity of a rigid dumgbell along 
its axis at infinite dilution, and ,6 is the friction coefficient 
of the bead. 

The quantity f is determined by maximizing p, with 
respect to it. According to Fixman,21 this maximization 
asserts minimum entropy production, i.e. that the system 
chooses the most probable combination of the two relax- 
ation mechanisms (out of all the microscopically possible 
combinations) to release its extra free energy. This value 
off has a direct physical significance in Fixman's model. 
I t  determines when the matching of the rates of the two 
relaxation mechanisms occurs. A translation of the rod 
over a distance fL along its axis suffices for the release of 
the cage-imposed constraint on the rod's rotation, while 
the slight rotational motions of the rod's neighbors over 
short times, i.e. as long as these rotations are more efficient 
in relaxing the free energy than translational diffusion 
along the rod axis, are of magnitude 9 = fa. 

The comparison between the predictions of Fixman's 
model and our simulation results is shown in Figure 11. 
The success of the model is impressive, especially in view 
of the simplicity of its assumptions. The predictions of 
the model agree with the simulation results well within the 
limits of statistical uncertainty for all concentrations we 
simulated. We should point out a t  this stage that the 
agreement with our simulation results implies a very good 
agreement with the experimental values of the rotational 
diffusivity of PBLG in m-cresol.1° Because of the ambi- 
guity about the equivalent hard cylinder diameter of our 
rodlike particles, we have also plotted in Figure 11 the 
predictions of Fixman's model for rods with length over 
width ratio of 30. The slightly larger diameter has little 
effect in the concentration regime we simulated, but the 
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Figure 11. Comparison of our simulation results for the rotational 
diffusivity with the predictions of Fixman's model?l The model 
predictions for polymers with axial ratio equal to 30 is also shown 
(the axial ratio of our particles is estimated to be 50). 

effect becomes more important a t  higher concentrations. 
In summary, we think that Fixman's model provides a 

very appropriate description for the dynamics of nondilute 
solutions of rodlike polymers with finite width over the 
range of concentrations we simulated (5-50 rods/L3) and 
as such it emerges as a most significant advance in our 
understanding of these systems since the development of 
the original DET. The model is insightful enough to 
discover the important trends of apparently very com- 
plicated dynamics by providing a self-consistent way to 
deal with dynamically deformable cages. Furthermore, it 
is very appealing both because of the simplicity of its final 
formulas and because of its ability to account for the finite 
molecular diameter removing in this way a major limitation 
present in DET and its improved ve r s ion~ .~J~  

5. Conclusions 
We performed Brownian dynamics simulations of 

moderately concentrated solutions of rodlike polymers 
(5-50 rods/L3). The rodlike particles in our simulations 
had a length over width ratio of 50, which is typical of 
actual rodlike polymers. Aside from the issue of validity 
of the DET and caging ideas in general for sufficiently 
concentrated solutions, the DET approach is expected to 
be inappropriate for a t  least the lower part of the con- 
centration regime we simulated.12 Our simulation provided 
additional proof for the failure of caging ideas up to the 
highest concentration of 50 rods/L3. This failure was 
demonstrated by the absence of any plateaus in the rota- 
tional correlation functions and more directly by the 
persistence of a finite and significant mobility of the rods 
normal to their axes. 

The static properties of our systems were found to be 
very simple exhibiting none but the weakest deviations 
from ideality, These deviations are due solely to direct 
pair interactions. As a result of this, the polymer pair 
distribution function had very weak concentration de- 
pendence and was adequately approximated by the 
Boltzmann factor, while the potential energy values were 
quantitatively reproduced by density expansions through 
the second virial coefficient. 

The dynamics, however, were anticipated to be very 
complex. In particular, subsequent rod-rod collisions were 
expected to be highly correlated. These considerations, 
however, were primarily based on geometrical arguments 
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concerning the topological constraints on the rod’s motion 
by the mere presence of its neighbors and ignored a major 
simplifying factor, namely, the strong solvent-induced 
decorrelation in between rod-rod collisions. In reality, the 
solvent-plymer impacts are responsible for a significant 
memory loss in between rod-rod collsions and a substantial 
decorrelation of the rod-rod collision sequences. Because 
of this decorrelation, rotation was found to be a diffusive 
process even at  low concentrations, in sharp contrast to 
the strongly nondiffusive character of rotation in similar 
systems without s o l ~ e n t . ~ ~ J ~  

A model proposed by Fixman21 was found to reproduce 
very well our simulation results for the rotational diffu- 
sivities, the first simulation results in quantitative agree- 
ment with experimentally measured values of the same 
quantity for rodlike polymers with comparable to ours axial 
ratio. The basic premise of Fixman’s model is the intro- 
duction of a short time relaxation mechanism that accounts 
for the slight rotations of a probe rod and its neighbors 
whenever they aproach very closely. These rotations allow 
for some initial relaxation before translational diffusion 
takes over and relaxes fully the probe’s orientation by 
removing the constraints from its neighbors. Our simu- 
lation showed that the two major assumptions of Fixman’s 
model are legitimate. The simple two-body nature of the 
local structure around the probe rod is a direct conse- 
quence of the two-body character of the static properties, 
while the neglect of interactions among the neighbors 
during the short time relaxation process is reasonable in 
view of the strong decorrelating effect of the solvent- 
polymer interaction during that process. 
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